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Abstract
The target space M for the sigma-model appearing in theories with p-branes
is considered. It is proved that M is a homogeneous space G/H . It is symmetric
if and only if the U -vectors governing the sigma-model metric are either coinciding
or mutually orthogonal. For nonzero noncoinciding U -vectors the Killing equations
are solved. Using a block-orthogonal decomposition of the set of the U -vectors it
is shown that under rather general assumptions the algebra of Killing vectors is a
direct sum of several copies of sl(2,R) algebras (corresponding to 1-vector blocks),
several solvable Lie algebras (corresponding to multivector blocks) and the Killing
algebra of a flat space. The target space manifold is decomposed in a product of
R
m , several 2-dimensional spaces of constant curvature (e.g. Lobachevsky space,
part of anti-de Sitter space) and several solvable Lie group manifolds.
1 Introduction
In this paper we consider the metric
G = GˆABdx
A ⊗ dxB +
∑
s∈S
εs e
2Us
A
xA dΦs ⊗ dΦs, (1.1)
defined on RK , where x = (xA) ∈ RN , Φ = (Φs, s ∈ S) ∈ R|S| (S 6= ∅ ), (GˆAB) is a
symmetric non-degenerate matrix, εs = ±1 , U
s = (UsA) ∈ R
N are vectors, s ∈ S , and
K = N + |S| . The space M = (RK ,G) is a target space for the σ -model appearing in
multidimensional theories with intersecting p -brane solutions [1, 2].
Here we prove that M is a homogeneous space isomorphic to G/H [3], where G is
the isometry group of M , and H is an isotropy subgroup of G (Sect. 2). We prove that
M is a symmetric space, iff (if and only if) any two vectors Us1 and Us2 , s1, s2 ∈ S ,
s1 6= s2 , are either coinciding U
s1 = Us2 or orthogonal (Us1 , Us2) = 0 , with respect to
the scalar product
(U, U ′) = GˆABUAU
′
B, (1.2)
where U, U ′ ∈ RN , (GˆAB) = (GˆAB)
−1 . The Killing equations are solved in Sect. 3. In
Sect. 4 the block-orthogonal decomposition of the set of Us -vectors is considered and
under rather general assumptions the decomposition of the Killing algebra into a sum of
mutually commuting subalgebras is obtained.
We note that recently some new classes of solutions with p -branes were obtained in
the block-orthogonal case [4, 5].
2 Coset structure
The isometry group G = Isom(M ) has two Abelian subgroups defined by transformations
Φs 7→ Φs +∆s, xA 7→ xA, (2.1)
Φs 7→ Φs e−U
s
A
δA , xA 7→ xA + δA, (2.2)
(Φs -translation and generalized xA -translation respectively) ∆s, δA ∈ R .
Proposition 1. The space M = (RK ,G) with the metric defined in (1.1) is a
homogeneous space isomorphic to G/H , where G = Isom(M) is the isometry group of
M , and H is the isotropy subgroup of G .
Proof. It is sufficient to prove that the action of the group G on RK is transitive [3].
Indeed, any two points a1, a2 ∈ R
K may be “connected” by a certain composition of the
isometries (2.1) and (2.2), i.e. a2 = f2(δ)(f1(∆)(a1)) , where the isometries f1(∆), f2(δ) :
RK → RK are defined in (2.1) and (2.2) respectively.
Here H = H0 ∼= Ha , where Ha ≡ {g|g ∈ G, g(a) = a} is the isotropy subgroup of G
at a ∈ RK .
We note that recently in a special case of two vectors (or two p -branes) a similar result
was established in the framework of a σ -model representation for a non-block-diagonal
metric ansatz [6].
2
Proposition 2. The space M = (RK ,G) is symmetric, i.e. ▽M [G]RM1M2M3M4[G] =
0 , iff
(Us1 , Us2)(Us1 − Us2) = 0, (2.3)
for all s1, s2 ∈ S .
Proof. Relation ▽MRM1M2M3M4 = 0 is equivalent to the relation (5.4) from the
Appendix A, that is equivalent to (2.3).
We note that in our previous papers [1, 2] we considered the Majumdar-Papapetrou
type solutions for the p -brane σ -model in the orthogonal case (Us1 , Us2) = 0 , s1 6= s2 .
Proposition 3. Let Us 6= 0 for all s ∈ S . Then the space M = (RK ,G) is a space
of constant curvature, i.e.
RM1M2M3M4 [G] = k(GM1M3GM2M4 − GM1M4GM2M3), (2.4)
k = const , iff N = 1 and
Us1 = ±
√
−kGˆ11 (2.5)
s ∈ S , where kGˆ11 < 0 .
Proposition 3 can be readily proved using the relations ¿from the Appendix A. It
follows from (2.5) that (Us, Us) = −k , s ∈ S .
3 Algebra of Killing vectors
Let g = isom(M) be the algebra of Killing vector fields on M , satisfying the Killing
equations
▽MvN +▽NvM = 0, (3.1)
where v = vM∂/∂XM ∈ g , (XM) = (xA,Φs) , vN = GNMv
M , ▽M = ▽M [G] is the
covariant derivative corresponding to the metric (1.1). The algebra g is isomorphic to
the Lie algebra of the isometry group G .
Proposition 4. Let
Us 6= 0, Us1 6= Us2 , (3.2)
for all s, s1, s2 ∈ S , s1 6= s2 . Then the Killing equations have the following solutions
vA = CA + 2
∑
s∈S
fsU
s
AΦ
s + CABx
B, (3.3)
vs = fs + εs e
2Us
A
xA[bs − U
sACAΦ
s − fs(U
s, Us)(Φs)2], (3.4)
where constants CA, CAB, bs, fs ∈ R satisfy the relations
UsACAB = 0, CAB = −CBA, (3.5)
(Us, Us
′
)fs′ = 0, s 6= s
′, (no summation) (3.6)
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A,B = 1, . . . , N ; s, s′ ∈ S .
We note that the vector fields defined by relations (3.3)-(3.6) satisfy the Killing equa-
tions for arbitrary Us -vectors. The sketch of proof of the Proposition 4 is given in
Appendix B. Here and in what follows we assume that the restrictions (3.2) are satisfied.
The Killing vector fields corresponding to isometries (2.1) and (2.2) respectively are
the following
Ts = ∂s, (3.7)
DA = ∂A −
∑
s∈S
UsAΦ
s∂s, (3.8)
where ∂s = ∂/∂Φ
s and ∂A = ∂/∂x
A .
Let
Fr = 2U
rAΦr∂A + [εre
−2Ur − (U r, U r)(Φr)2]∂r, (3.9)
where r ∈ △ ≡ {r′ ∈ S|(U r
′
, Us) = 0, ∀s ∈ S \ {r′}} . Thus, the Killing vector field Fr
correspond to the vector U r orthogonal to all other vectors Us .
Let us consider the coordinates (xA) = (xa, xα) satisfying the relations
GˆAB = ηAB = ηAAδAB, ηAA = ±1, (3.10)
Usα = U
sα = 0, (3.11)
s ∈ S ; a = 1, . . . , p ; α = p+ 1, . . . , N .
The generators of generalized (pseudo) rotations are
Mαβ = xα∂β − xβ∂α, (3.12)
xα = ηααx
α , α, β = p+ 1, . . . , N .
Commutation relations read
[DA, DB] = [Ts, Ts′] = [Fr, Fr′] = 0, (3.13)
[DA, Fr] = −U
r
AFr (no summation), [Ts, Fr] = 2δsrU
rADA, (3.14)
[DA, Ts] = U
s
ATs (no summation), (3.15)
[Mαβ ,Mα′β′ ] = ηβα′Mαβ′ + ηαβ′Mβα′ − ηαα′Mββ′ − ηββ′Mαα′ , (3.16)
[Mαβ , Ts] = [Mαβ , Fr] = 0, (3.17)
[Mαβ , DA] = ηβADα − ηαADβ, (3.18)
a, b = 1, . . . , p ; α, β = p+ 1, . . . , N ; s, s′ ∈ S ; r ∈ △ .
Let us suppose that the coordinates satisfying (3.10) and (3.11) also obey the relations
p = rank(Us, s ∈ S). (3.19)
In the Euclidean case, when ηAB = δAB , such coordinates do exist.
It follows from the relations (3.5) , (3.6), (3.10), (3.11) and (3.19) that the vector fields
Ts, DA, Fr,Mαβ , α < β ( s ∈ S;A = 1, . . . , N ; r ∈ △;α, β = p+ 1, . . . , N ) form a basis in
g .
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4 Block-orthogonal decomposition
Let
S = S1 ⊔ . . . ⊔ Sk, (4.1)
Si 6= ∅ , i = 1, . . . , k , and
(Us, Us
′
) = 0 (4.2)
for all s ∈ Si , s
′ ∈ Sj , i 6= j ; i, j = 1, . . . , k . Relation (4.1) means that the set S is a
union of k non-intersecting (non-empty) subsets S1, . . . , Sk . According to (4.2) the set
of vectors (Us, s ∈ S) has a block-orthogonal structure with respect to the scalar product
(1.2), i.e. it is splitted into k mutually orthogonal “blocks” (Us, s ∈ Si) , i = 1, . . . , k .
We consider the block-orthogonal decomposition to be irreducible, i.e. for any i the block
(Us, s ∈ Si) can not be splitted into two mutually orthogonal subblocks.
Let us suppose that (xa) = (xa11 , . . . , x
ak
k ) , ai = 1, . . . , pi , i = 1, . . . , k , and
Usjai = 0, (4.3)
sj ∈ Sj , i 6= j ; i, j = 1, . . . , k . We also put
pi = rank(U
s, s ∈ Si), (4.4)
i = 1, . . . , k . In the Euclidean case ( ηAB = δAB ) there exist coordinates satisfying (3.10),
(3.11), (4.3) and (4.4).
Let g0 ≡< Dα,Mαβ;α, β = p+1, . . . , N > , gi ≡< Tsi, si ∈ Si;Dai , ai = 1, . . . , pi;Fri, ri ∈
△∩ Si > , where < (·) > is a span of (·) over R . The Killing algebra is a (direct) sum
of mutually commuting subalgebras:
g = g0 ⊕ g1 ⊕ . . .⊕ gk, [gν , gµ] = 0, (4.5)
ν, µ = 0, . . . , k .
For |Si| = 1 gi ∼= sl(2,R) . Indeed, in this case S = {si} and g =< T = Tsi, D =
Dai , F = Fsi > . In the new basis h = 2U
−1D , e+ = ηU
−1D , e− = U
−1F , where
U = Usiai and η = ηaiai = sign(U
si , Usi) , we get the familiar relations for sl(2,R) :
[h, e+] = 2e+ , [h, e−] = −2e− , [e+, e−] = h .
For |Si| > 1 the Lie algebra gi is solvable, since gi
(2) = [gi
(1), gi
(1)] = 0 , where
gi
(1) = [gi, gi] . We note that recently solvable Lie algebras were studied for supergravity
models in numerous papers (see [8] and references therein).
The isotropy subalgebra h = {v ∈ g|v(0) = 0} has the following form:
h = h0 ⊕
∑
r∈△
hr, (4.6)
h0 =< Mαβ ;α, β = p + 1, . . . , N > is the isotropy subalgebra of g0 and hr =< Fr −
θrDa(r) > , where θr ≡ εrsign(U
r, U r) , r ∈ △ . The subalgebra hr is embedded into
sl(2,R) as so(2,R) for θr = +1 , and as so(1, 1,R) , for θr = −1 (this follows from the
matrix realization of e+, e−, h ).
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Under assumptions mentioned above the target space manifold may be decomposed
as follows
RK = RN−p ×
∏
r∈△
Mr ×
∏
l∈△+
Gl, (4.7)
where △+ = {l = 1, . . . , k||Sl| > 1} , Gl = exp(gl) is a solvable Lie group, l ∈ △+ ,
Mr is 2-dimensional space of constant curvature isomorphic to the Lobachevsky space
H2 = SL(2,R)/SO(2) for θr = +1 and to the part of anti-de Sitter space AdS
2 =
SL(2,R)/SO(1, 1) for θr = −1 . The target space metric is a direct sum of metrics
G = G0 ⊕
∑
r∈△
ηrGr ⊕
∑
l∈△+
Gl, (4.8)
where G0 = ηαβdx
α⊗ dxβ , Gr is the canonical metric on Mr , ηr = sign(U
r, U r) , r ∈ △ ,
and Gl is a non-degenerate metric on Gl , l ∈ △+ .
5 Appendix A
The nonzero components of the Christoffel symbols for the metric (1.1) are the following
[7]
ΓsAs = Γ
s
sA = U
s
A, Γ
A
ss = −U
sAεse
2Us. (5.1)
The nonzero components of the Riemann tensor corresponding to (1.1) read
RA1sA2s = permutations = −U
s
A1
UsA2εse
2Us , (5.2)
Rs1s2s3s4 = εs1εs2(U
s1 , Us2)e2U
s1+2Us2 (δs1s4δs2s3 − δs1s3δs2s4). (5.3)
Here Us = UsAx
A and the scalar product (·, ·) is defined in (1.2).
It follows from (5.1)-(5.3) that the only nontrivial components of the relation
▽MRM1M2M3M4 = 0 (up to permutations of indices) are the following
▽sRs1s2s3A = εs1εs2(U
s1 , Us2)e2U
s1+2Us2 (Us2A − U
s1
A )(δss1δs2s3 + δss2δs1s3) = 0. (5.4)
6 Appendix B
The Killing equations (3.1) read
∂AvB + ∂BvA = 0, (6.1)
∂Avs + ∂svA − 2U
s
Avs = 0, (no summation) (6.2)
∂svs′ + ∂s′vs = 0, s 6= s
′, (6.3)
∂svs + εse
2UsUsAv
A = 0. (6.4)
The first equation has the solution
vA = CA(Φ) + CAB(Φ)x
B, (6.5)
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where CAB(Φ) = −CBA(Φ) , A,B = 1, . . . , N . The Proposition 4 may be readily proved
using the relations (6.2)-(6.4), identities ∂M∂N(vs e
−2Us
A
xA) = ∂N∂M (vs e
−2Us
A
xA) and the
following Lemmas.
Lemma 1. Let (UA) ∈ R
N , (UA) 6= 0 and
D = eUAx
A
(B + CAx
A) (6.6)
for all x ∈ RN . Then B = D = CA = 0 for A = 1, . . . , N .
Lemma 2. Let (UA) ∈ R
N , (UA) 6= 0 , CAB = −CBA , A,B = 1, . . . , N , f = f(x)
and
∂Af = e
UBx
B
(BA + CABx
B) (6.7)
for all x ∈ RN . Then CAB = 0 and BA = λUA for some λ ∈ R .
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